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Scheduling with Restricted Assignment

m machines
. . | | 100
jobsj = 1,...,n arrive online
75
p;: size of job 50
25

Nj: feasible machines

Must assign immediately

Goal: Minimize maximum load

Machine 1

Machine 2

Machine 3



Scheduling with Restricted Assignment

c-competitive If

max load < ¢ - OPT

Known: Greedy is O(log m)-competitive

()(log m) lower bound for any online algorithm

In practice: Solve instances repeatedly

Can we do better with predictions?



What to Predict?

Total size for each job type
2" job types

a lot of information, perhaps unrealistic



What to Predict?

Load of machines in optimal solution

Machine1 Machine2 Machine3 Machine 4



What to Predict?

Load of machines in optimal solution

dummy jobs v same loads l I

Machine1 Machine2 Machine3 Machine 4

GGoal: different measure of contentiousness of machines



What to Predict?

Predict a single weight w, > 0 for each machine 1

Intuition: small weight = contentious machine

Consider algorithms:

x;; = fraction of job j on machine

w» can be converted into randomized algorithm



Existence of weights

Theorem: V instance Ve > 0 dwy,...,w_ > O s.t.

w;

ZkENJ- Wk

-xij(w) —

is (1 + €)-competitive.
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Theorem: Ve >0 dwy,...,w, > 0s.t.
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X (w) =
Model L Ziey™
Receive predictions wy, ..., w,_ of good weights w;, ..., w
WLOG V/i/i > w;

A\

wW.
Prediction error: # = max 7, where 7, = — > 1

l l



Naive algorithm

A\

W;

X.. = xlj(y’\\/) = —

9]

This is O(17)-competitive:

A\

W; H; = W,

X, () = <

S 7] ) xzj(W)

Can we do better?




OPT known
Initialize L, < 0 for each machine i
For each job

Foreachi & N]

For each 1 with L; > 2(1 + €¢) OPT

W, — w./2, L <0

Theorem: This is O(log 1)-competitive.

xlj(w) —
_ W > 1
=2
l



Claim: At all times, W, > w./2 X;i(w) =
Proof by contradiction: A
W.
A . A J— _l >
Let w, be first counterexample: w, < w,/2 L W, :

Just before, had w; < w;and L, > 2(1 + €) OPT

Ay w; Wi .

ZkENj Wk zkeNj Wk/2

Contradiction



Claim: At all times, W, > w./2 X;{(w) =
wW.
- n=—21
~ O(log 1) rounds per machine W,

Each round contributes O(OPT)

—> (log n)-competitive



Why do good weights exist?
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(v;)

(Zj)

never tight

KKT = dy;,z; suchthat p;y; +z = p;Inx;



KKT — Hyl" Z] such that p]yl + Z] — p] ln le
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KKT — Hyl" Z] such that p]yl + Z] — p] ln le
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KKT =— Hyi’ Z] such that p]yl + Z] — p] ln le

— Vi+zilp;
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Moreover: If input comes from distribution, best predicted weights are efficiently
learnable.



What if predictions are bad?



Making algorithm robust

If a machine would have load > log m - OPT,

switch to O(log m)-competitive online algorithm

Overall: Competitive ratio O (min{log n,log m})



Making algorithms robust — more generally

Two competing objectives
1. Let good predictions guide you
2. Don’t let bad predictions mislead you

Can we achieve both?

Often YES!



MTS (Metrical Task Systems)

Metric space (M, d)

Algorithms starts at p, € M

Attimer=1,2,...

¢, M — R, revealed

Algorithm chooses p, € M

Pay c(p,) + d(Pt_th)

Many special cases: k-server, caching, layered graph traversal, convex function
chasing, dynamic power management, ski rental, ...



MTS (Metrical Task Systems)

Metric space (M, d) M = {rent, buy}
Algorithms starts at p, € M d(rent, buy) = buying cost
= rent
Attimetr = 1,2,... Po
c(rent) =1
c,: M - R, revealed
i c(buy) =0

Algorithm chooses p, € M

Pay c(p,) + d(Pt_th)

Many special cases: k-server, caching, layered graph traversal, convex function
chasing, dynamic power management, ski rental, ...



Theorem: Algorithms A and B for any MTS can be combined online into an
algorithm C s.t.

cost- < 9 - min {costy, costp}.

Application:
A non-robust learning-augmented algorithm
B online algorithm (ignores predictions)

—> ( robust learning-augmented algorithm



Cow-path problem

~

1
2 L .

cost <2(1+2+4...+2"+OPT  where 2" < OPT < 2"+
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Theorem: Algorithms A and B for any MTS can be combined online into an
algorithm C s.t.

cost- < 9 - min {costy, costp}.

Algorithm C: Analysis:
forn =0,1,2,... In Iteration n:
F— A, neven pay < 2" to follow F
B, nodd
pay < 2"to return to p,
while costy < 2"
2=l < min {costy, costg} < 2+
follow [




A better randomized combination

Theorem: Given € > 0 and algorithms A, ..., A, for an MTS of diameter D,

1 algorithm with expected cost

, D log m
<({+e¢) -mmcosty, + O
i €




A better randomized combination

Algorithm maintains probability distribution p = (p;, ..., p,,) over algorithms

+~ Follow A; w.p. p;
where

COSsty /D
D = i and w.=|1-— h
l Z]. W, l 2

m
When p changes to p’, switching costs < D - Z max{p; — p;0}
i=1



Corollary: For any problem that can be modeled as an MTS, if there is
a c-competitive algorithm without predictions

an f(n)-competitive algorithm when given predictions with error 7

then there Is an algorithm with competitive ratio
9 - min{c, f(n)} deterministically

(1 + ¢) - min{c, f(n)} randomized up to additive cost O(D/¢)



